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The effect of the polarization electric field on helix-unwinding in a 
planar chiral smectic C liquid-crystal cell 

by TADASHI AKAHANE, NOBUYUKI ITOH 
and MASAHIRO NAKAGAWA 

Department of Electrical Engineering, Faculty of Engineering, The Technological 
University of Nagaoka, Kamitomioka, Nagaoka, Niigata 940-21, Japan 

The effect of the polarization electric field on helix-unwinding in a thin planar 
chiral smectic C liquid-crystal cell is studied by using the nematic-like expression 
for the elastic deformation free-energy density. It is found that the elongation of 
the helical pitch when the cell thickness decreases is greater when the spontaneous 
polarization is larger. This is due to the Coulomb repulsion between polarization 
charges concentrated at 2x disclinations. 

1. Introduction 
An infinite sample of a chiral smectic C ( S z )  liquid-crystal phase has a helical 

structure where the director n, the average molecular orientation, rotates around the 
helical axis z through an azimuthal angle @(z) = 27cz/p0 ( p o  is the inherent helical 
pitch), keeping a constant tilt 0 with the z axis. In a limited sample, however, the 
structure is influenced by boundary conditions, and this is reflected in the sample 
structure. When the helical axis is parallel to the cell substrates, it has been shown 
experimentally that the pitch increases with decreasing cell thickness, and finally the 
helix is unwound (i.e. to give surface stabilized ferroelectric liquid crystals). 

Glogarova and Pave1 have examined this problem theoretically by using con- 
tinuum theory and showed that three types of structure can exist in planar S z  samples, 
depending on the cell thickness, d [l, 21. According to their results, the helical con- 
figuration is stable when d > dcl , the twist non-helical structure when dcl > d > dc2, 
and the uniform state when d < dc2 .  Here d,, and dc2 are critical thicknesses. 

In an infinite S z  sample, free from any boundary effect or external forces, the 
divergence of the spontaneous polarization P, must vanish everywhere through the 
sample since P, lies in the plane of the smectic layer and varies only along the layer 
normal. In a finite S z  sample, however, V * P, does not necessarily vanish, and a 
polarization electric field results [3,4]. This polarization electric field might affect the 
stability of each configuration. Here the effect of the polarization electric field on 
helix-unwinding in thin planar S z  samples is investigated by means of a finite-element 
method. In $ 2 the basic equations are given, and these equations are solved by the 
finite-element method in $3. Section 4 is devoted to a discussion of the sequence of 
structural changes in planar S z  samples as the cell thickness decreases. 

2. Basic equations 
The expression for the elastic free-energy density of S z  liquid crystals free from 

f,las = +Kl(V nI2 + +K2(n - v x n + q,,)2 + + ~ , ( n  x v x n + q1r)2,  (1) 

any layer undulations has the form 

0267-8292/89 $3.00 0 1989 Taylor & Francis Ltd 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
5
6
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1



1108 T. Akahane et al. 

analogous to the nematic expression [5 ] .  Here K , ,  K2 and K3 are elastic constants for 
splay, twist and bend deformations respectively, ql, and qL are the wavenumbers for 
the inherent twist and bend respectively, and the unit vector z is defined by 

r = (n x v)(n - v)/l(n x v)(n - v)l, (2) 
where v is the layer's unit normal vector. Let the layer normal v be along the z axis 
and the normal to the cell boundary be along they axis. We assume that the azimuthal 
angle of the director depends on the y and z coordinates; then 

n( y ,  4 = (q  cos @( y ,  4, v sin @( y, 4, 0, (3) 
where q = sin 0 and 5 = cos 0. Substituting from equation (3) into equation ( I ) ,  we 
obtain 

+ . f o 7  (4) 
where we define 

X, = KZt2 + K,$, K5 = K2$ + Klt2,  K6 = (K3 - K , ) v ~ ,  

41 = K24115 + K34,% 42 = -K241,r + K3415, 
I;, = +K,qf + +K3qi .  

For an infinite sample, @ does not depend on y ;  then, from equation (4), it is easily 
seen that the helical structure with an intrinsic pitch po given by 

211 

40 
Po = - 5  

q 2  
4 0 =  -- K5 vl 

is stable. In the limited sample considered here, however, CD depends on y in general, 
and so does the spontaneous polarization vector P,. Then, V * P, does not necessarily 
vanish, and a polarization electric field results. Therefore we must take account of the 
interaction energies between the electric field E and the spontaneous polarization P, 
( -  P, - E), and the induced polarization (- tD * E) even when there is no external 
electric field. 

Introducing the electric scalar potential 4( y ,  z )  by 

E = - V 4 ,  
the energy density due to the induced polarization is given by 

h =  -~ i D . E ,  
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where 

Here E ,  , E* and e3 are the principal dielectric constants: E~ is parallel to the director n, 
E~ is parallel to t and is parallel to the direction n x t. Finally, the energy density 
due to the spontaneous polarization is given by 

= P,COS@($) .  

where we define P, = - P,z. The total energy is given by 

F = j d Y  Cl’Z (A las  + .& + f,), 

(7) 

and this must be minimized under the appropriate boundary conditions. From this 
condition, we obtain the Euler-Lagrange equations with respect to @ and as 

+ 2 ( ~ ~  - E ? )  sin CDcos CD (g) (’) + P,sin@ (’) = 0. (10) 

If we use the one constant approximation (K,  = K2 = Ks = K )  and neglect the 
dielectric anisotropy ( E ,  = E* = E~ = E )  then equations (9) and (10) reduce to 
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3. Numerical calculation by the finite-element method 
In this study we are mainly concerned with the effects of the polarization electric 

field, and so we shall neglect the anisotropies of the elastic constants and the dielectric 
constants. Equations (9’) and (10’) were solved by the finite element method. As there 
are periodic conditions cD( y ,  z + p )  = cD( y ,  z )  + 271 and +( y ,  z + p )  = +( y ,  z ) ,  it 
is sufficient to solve them in the region 0 6 y 5 d and 0 5 z 5 p ,  where p is the 
effective pitch. We assume cD to be fixed at  the boundaries (i.e. strong anchoring). Two 
kinds of boundary condition are considered: one is the homogeneous boundary 
condition Q(0) = @ ( d )  = 0 (mod 271), and the other is the twist condition cD(0) = 71 

(mod 271) and Q ( d )  = 0 (mod 271). The values of 4 at the boundaries are taken to be 
zero. Thr: consistency between the helical structure in the bulk and the unwinding 
boundary conditions requires the existence of a pair of & 271 disclinations. The mesh 
pattern used in the finite-element method is shown in figure I .  The free energy per 
unit volume ( F / p d )  is minimized with respect to the positions of the 271 disclinations 
and the effective pitch p .  Examples of the director field thus obtained are shown in 
figure 2. The parameters used in these calculations were tilt angle 0 = 20°, elastic 

0 2 

(a> 

*/n 0 2 

n 2 

Figure 1 .  The mesh patterns used in the finite-element method: (a) homogeneous boundary 
condition; (6) twist boundary condition. 0 and 0 indicate + 272 and - 277 disclinations 
rcspectively. a and a’, b and b’, etc. are different nodes but have the same coordinates. 
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Figure 2. Calculated director fields. (a) Homogeneous boundary condition; d/p" = 1 .O, 
P, = 2 n C ~ r n - ~ ;  thc effective pitch is calculated to be pipo = 1.2. (b) Homogencous 
boundary condition; dipo = 1.0, P, = 10nCcm-2; the effective pitch is pipo = 4.9. 
(c) Twist boundary condition; dipo = 1.0, P, = 8 n C ~ m - ~ ;  the effective pitch is calcu- 
lated to be pipo = 1.0. 

constant K = 1.0 x lo-" N, dielectric constant E = 5 . 0 ~ ~  (here E,, is the electric 
constant) and the wavenumbers of intrinsic twist and bend q,, = 16.6 x lo6 m - I ,  

ql = 4.6 x 106m-' respectively. 
Figure 3 shows the dependence of the effective pitch on the spontaneous polar- 

ization. For the homogeneous boundary condition, the effective pitch p increases 
monotonically as the spontaneous polarization P, increeases for all values of cell 
thickness calculated. On the other hand, for the twist boundary condition, p decreases 
slightly at first and then increases as P, increases. These results can be interpreted as 
follows. For the homogeneous boundary condition, we can see from the director field 
in figures 2(a)  and (b)  that the elastic deformation is limited in the region near the 
& 271 disclinations, and this trend increases when P, becomes large. This means that 
the polarization charges are sharply concentrated at the disclinations in this case. 
Owing to Coulomb repulsion between these periodically concentrated polarization 
charges, it is considered that the effective pitch increases as P, increases. For the twist 
boundary condition, however, we can see from figure 2 (c) that the elastic deformation 
is not limited to the region near the disclinations. Consequently, the concentration of 
the polarization charges is not so marked as for the previous case. 
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. . .  

ps /nCcm-2 
L 

0 1.3 2:O 3.0 4.0 5.0 60 7.0 8.0 9.0 16.0 I 
homogeneous 

0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 80 9.0 10.0 
p~ /nCcm-2 

tw is t  

Figure 3. Calculated effective pitch as a function of P,: (a), (h), (c) and ( d )  are for d/p, = 0.7, 
1.0, 1.5 and 2.0 respectively. 

4. Discussion 
In this section we consider the sequence of structural changes in planar S z  samples 

when the cell thickness decreases and the effect of the polarization electric field on it. 
We denote the helical structure with the homogeneous boundary condition by H*, the 
helical one with the twist boundary condition by T*, the unwound non-helical 
structure ,with the homogeneous boundary condition by U (the so-called uniform 
state), and the unwound non-helical structure with the twist boundary condition by 
T (the so-called twist state). 

Figure 4 represents the schematic form of the energy per unit volume of each struc- 
ture as 3 function of the cell thickness when the polar anchoring energy at the surface 
is absent. For the homogeneous boundary condition, H* becomes energetically less 

I \  

I I I  
I 

0 d2 dl 
c el I t h ic k n ess 

Figure 4. Schematic forms of the energy per unit volume for H*, U, T* and T as functions 
of the cell thicknesses. 
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stable than U as the cell thickness decreases below d , .  Similarly, for the twist 
boundary condition, T* becomes less stable than T as the cell thickness decreases 
below d2.  Comparing the energies of the homogeneous and the twist boundary 
conditions, the former is higher than the latter because of the third term on the 
right-hand side of equation (4) when the cell thickness is large. This term can be 
transformed into the surface energy and is higher for the homogeneous boundary 
condition than for the twist boundary condition by the absolute value of 2q, q. Thus 
the sequence of structures is considered to be T* + H* + U as the cell thickness 
decreases. 

For real systems, the polar surface anchoring energy must be considered. This 
polar anchoring energy increases the total energy of H* and U relative to T* and T. 
Then, as we can see from figure 4, three kinds of structural sequences are possible 
according to the polar surface anchoring strength: T* + H* --f U, T* + U, and 
T* -+ T -+ U. When the spontaneous polarization is larger, the energy density of H* 
is higher and d, increases. In addition to this, the energy densities of T* and T increase 
more steeply than that of H*. Then the U state is stabilized for thicker cells than for 
smaller spontaneous polarizations. 

References 
:1] GLOGAROVA, M., and PAVEL, J . ,  1984, J.  Phys., Paris, 45, 143. 
:2] PAVEL, J . ,  1984, J.  Phys., Paris, 45, 137. 
:3] NAKAGAWA, M., and AKAHANE, T., 1986, J.  phys. SOC. Japan, 55, 1516. 
'41 NAKAGAWA, M., and AKAHANE, T., 1986, J.  phys. SOC. Japan, 55, 4492. 
31 HANDSCHY, M. A., CLARK, N. A., and LAGERWALL, S. T., 1983, Phys. Rev. Letf.,  51,471. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
4
:
5
6
 
2
6
 
J
a
n
u
a
r
y
 
2
0
1
1


